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Abstract
In this paper we prove that the non-trivial unipotent characters of PSL(n, q) are reducible over any proper
subgroup, with the only exception of the unipotent character of PSL(4,2) of degree 14. This result can be
viewed as a generalization of a theorem of Cameron and Kantor.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let Θ be a finite-dimensional irreducible representation of a group G over the complex field.
We say that Θ is minimally irreducible if the restriction of Θ to any proper subgroup of G is
reducible. Likewise, the character of Θ is said to be minimally irreducible. It is well known
that, if Θ is minimally irreducible, then Θ(G) is a finite group. Minimally irreducible groups
(characters) have aroused some interest for computational purposes and, more importantly, in
order to study cross-characteristic irreducible embeddings of finite groups of Lie type over a field
of characteristic p > 0 (e.g., see [Sa2,Se2]). Some noteworthy results have been obtained in
recent years, focusing on characters whose degree satisfies prescribed conditions, e.g., is either
a prime-power or the product of two primes. In particular, in [DDP], the minimally irreducible
groups (non-simple with non-soluble socle) of degree the product of two primes were classified.
These as well as other results (e.g., the Steinberg character of any finite group of Lie type is
minimally irreducible, cf. Corollary 3.5 below) suggest to pursue the systematic study of the
class of unipotent characters in finite groups of Lie type. In this paper we analyze the family of
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be dealt with in subsequent papers.
If G is a finite group of type An−1, the unipotent characters of G are parametrized by the
partitions of the integer n (see Section 2 below). We prove the following theorem.
Theorem 1.1. Let G = PSL(n, q), let α = (n) be a partition of n and let χα be the irre-
ducible unipotent character of G associated with α. Then χα is minimally irreducible, unless
G = PSL(4,2) and α = (1,3). In the latter case PSL(4,2) ∼= A8 contains a subgroup H isomor-
phic to A7 such that χ(1,3)|H is irreducible.
This result can be viewed as a generalization of a famous theorem of Cameron and Kantor and
of earlier results of J. Saxl. The Cameron–Kantor theorem (see [CK, Theorem I]) states that if
G Γ L(n, q), n 3, and G is 2-transitive on the set of points of PG(n− 1, q), then either G
SL(n, q), or G is A7 inside SL(4,2), and thus essentially disposes of the case α = (1, n− 1) (see
Proposition 3.6 below). The result of [Sa1] disposes of the cases α = (k, n− k), for 2 k  n2 .
The proof of Theorem 1.1 depends on a detailed analysis of the restrictions of unipotent char-
acters to subgroups of G, and splits into a ‘generic’ case and the case of certain low-dimensional
groups.
2. Preliminaries
The framework of the theory of unipotent characters of finite groups of Lie type is surveyed
in detail by R.W. Carter in [Car]. A neat exposition can also be found in [DM]. While addressing
the reader to [Car] and [DM] as general references, we explicitly recall a few basic facts that are
of particular relevance to the present paper.
Let G be a connected reductive group over an algebraically closed field of characteristic p
and let GF denote the (finite) group of fixed points of G under a Frobenius map F :G → G
(the groups GF , together with their central quotients, are often called finite groups of Lie type).
We recall that the set U(GF ) of the unipotent characters of GF consists of all the irreducible
characters of GF which occur as components of a Deligne–Lusztig generalized character RT,1
for some F -stable maximal torus T of G. An important observation is that the set U(GF ) depends
only on the isomorphism type of the root system of G (cf. [DM, Proposition 13.20]).
Let B be an F -stable Borel subgroup of G containing T and set N = NG(T). Then the
subgroups B = BF and N = NF form a split (B,N)-pair for the group GF . The quotient group
W = NF /TF is the Weyl group of GF . W is generated by a set of fundamental reflections
S = {sj | j ∈ I }, where I runs over the nodes of the Coxeter graph of W . For any subset J of I ,
let WJ be the standard parabolic subgroup of W generated by the reflections sj , where j ∈ J ,
and let PJ be the parabolic subgroup of GF corresponding to WJ .
An important subset of U(GF ) is the so-called principal series. This is Upr(GF ) =
{χ ∈ Irr(GF ): (χ,1GFB ) > 0}, that is the set of all irreducible characters of GF which occur
as components of the permutation character 1GFB .
Since in this paper we deal with the case of groups of type An−1, we may suppose G =
SL(n,Fp), and hence GF = SL(n, q), where q is the order of a suitable finite field. Furthermore,
it is well known (e.g., cf. [Car]) that in the case An−1 the set U(GF ) coincides with Upr(GF ).
Let us briefly describe how the unipotent characters of SL(n, q) are bijectively associated to
the partitions of n. For our purposes, it is convenient to set G0 = SL(n, q) and G = PSL(n, q).
Thus the Weyl group of G0 is isomorphic to the symmetric group Sn. Let V = V (n, q) be the
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paper that the fundamental roots are chosen so that, for j ∈ I = {1, . . . , n−1}, sj is the reflection
through the hyperplane orthogonal to the vector ej − ej+1.
If n is a positive integer, by a partition of n we understand a sequence α = (α1, α2, . . . , αm)
such that 1  α1  α2  · · ·  αm and ∑mi=1 αi = n. By a classical result of Frobenius, there
is a bijection between the partitions of n and the irreducible complex characters of Sn. More
precisely, to every partition α of n one can bijectively associate an irreducible character φα of W
such that
φα =
∑
J⊆I
nJ 1WWJ
for suitable integer coefficients nJ .
For a given partition α, set χ˜α =∑J⊆I nJ 1G0PJ . It was shown by Steinberg (cf. [St]) that χ˜α is
an irreducible character of G0, the mapping α → χ˜α is injective, and
1WWJ =
∑
α
aαφα if and only if 1G0PJ =
∑
α
aαχ˜α.
It then follows that the mapping α → χ˜α establishes the desired bijection between the parti-
tions of n and the characters in the principal series Upr(SL(n, q)) = U(SL(n, q)). For every α,
denote by χα the unipotent character of G corresponding to the unipotent character χ˜α of G0.
Since the center of G0 is contained in the kernel of every 1GPJ , and hence in the kernel of
every χ˜α , obviously we also get a bijection between the partitions of n and the unipotent charac-
ters of G.
The degree of the unipotent character χα (e.g., see [Car, p. 465]) is
χα(1) =
(q − 1)(q2 − 1) · · · (qn − 1)∏mi=2∏i−1j=1(qλi − qλj )
q(
m
3)
∏m
i=1
∏λi
k=1(qk − 1)
, (1)
where λ1 = α1, λ2 = α2 +1, . . . , λm = αm+m−1. In particular, χ(n) = 1G is the trivial character
of G and χ(1,1,...,1) is the Steinberg character St of G.
In the proof of Theorem 1.1, we shall need to decompose 1G0PJ into unipotent characters of G0.
By the above, it will be enough to know how the permutation character 1WWJ decomposes. This
can be obtained as follows (e.g., cf. [GP, Chapter 6]).
To every subset J of I = {1, . . . , n − 1}, one can associate a ‘composition’ of n, that is an
ordered sequence μ = (μ1,μ2, . . . ,μk) such that μ1 + · · · + μk = n. The corresponding subset
J is obtained deleting from I the indices μ1 + · · · + μi for each 1 i < k. For example, to the
subset J = {2,4,5,7} of I = {1, . . . ,7} one associates the composition μ(J ) = (1,2,3,2). Then
the permutation character 1WWJ decomposes in the following way:
1WWJ =
∑
α
καμ(J )φα,
where the sum is taken over all the partitions α of n, and the coefficients καμ are the Kostka
numbers: they indicate the number of Young tableaux associated to α which have weight μ. In
other words, they express the number of ways in which one may fill the tableau associated to α,
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increasing down each column. We give three examples, which will be of use in the sequel of the
paper.
Example 1. Let I = {1, . . . ,2m− 1}, so that W ∼= S2m, and J = {1,3, . . . ,2m− 1}. The compo-
sition associated to J is
μ(J ) = (2,2, . . . ,2︸ ︷︷ ︸
m
).
For our purposes, it will be necessary to prove that, for all m 3,(
1WWJ ,φ(1,2,2m−3)
)
W
= κ(1,2,2m−3)μ(J ) > 0.
It suffices to fill a tableau associated to α = (1,2,2m−3) using i two times, for every 1 i m.
For example, we may fill the tableau in the following way:
1 1 3 4 4 · · ·
2 2
3
m m
Example 2. Let I = {1, . . . ,3m − 1}, so that W ∼= S3m, and J = {1,2} ∪ {4,5} ∪ · · · ∪
{3m− 2,3m− 1}. The composition associated to J is
μ(J ) = (3,3, . . . ,3︸ ︷︷ ︸
m
).
We claim that, for all m 2,(
1WWJ ,φ(2,3m−2)
)
W
= κ(2,3m−2)μ(J ) > 0.
It suffices to fill a tableau associated to (2,3m−2) using three times each i, for every 1 i m.
For example, we may fill the tableau in the following way:
1 1 1 2 3 3 3 · · ·
2 2
m m m
Example 3. Let I = {1, . . . ,2m−1}, so that W ∼= S2m, and J = {m}. The composition associated
to J is
μ(J ) = (1, . . . ,1︸ ︷︷ ︸,2,1, . . . ,1︸ ︷︷ ︸).
m−1 m−1
M.A. Pellegrini / Journal of Algebra 304 (2006) 397–418 401We claim that, for all m 3,(
1WWJ ,φ(1,2,2m−3)
)
W
= κ(1,2,2m−3)μ(J ) > 0.
It suffices to fill a tableau associated to (1,2,2m−3) using exactly once each i for 1 i m−1
and m + 1  i  2m − 1, and exactly twice m. For example, we may fill the tableau in the
following way:
1 3 4 5 · · ·
2 m
m
m− 1 m+ 1 · · · 2m− 2 2m− 1
We need two more names. We call a partition α of n a hook if
α = (1, . . . ,1︸ ︷︷ ︸
k
, n− k),
where 1 k  n− 2; a quasi-hook if
α = (1, . . . ,1︸ ︷︷ ︸
k
,2, n− k − 2),
where 0 k  n− 4.
3. The ‘generic’ case
In this section we prove Theorem 1.1 under the assumption that n 8 (n 7 if q = 2). The
lower-dimensional cases need an ‘ad hoc’ analysis and will be dealt with in Section 4.
We first recall some relevant properties of the unipotent characters, in particular with respect
to primitive prime divisors.
It is well known (cf. [Z]) that, if a, b are integers such that a  2, b  3 and (a, b) = (2,6),
then there exists a prime ζb(a) which divides ab −1, but not ac −1 for all c = 1, . . . , b−1. Such
a prime is called a primitive prime divisor or a Zsigmondy prime for the pair (a, b) (note that
ζb(a) need not be unique). The following holds:
Proposition 3.1. (For example, cf. [KL, Proposition 5.2.15].) Assume a  2, b 3 and (a, b) =
(2,6). Let ζb(a) be a Zsigmondy prime for the pair (a, b).
(a) If ζb(a) | ac − 1, then b | c;
(b) ζb(a) ≡ 1 (mod b).
Let q = pf , where p is a prime and f > 0. Suppose that n  3 and (q,n) = (2,6), (4,3).
We denote by νn(q) the largest primitive prime divisor of the pair (p,f n). Thus νn(q) divides
qn − 1, but νn(q)  pi − 1, for all i = 1, . . . , f n− 1 (obviously νn(q) is also a Zsigmondy prime
for the pair (q,n), but the converse need not be true).
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χ(1,...,1,n−k)(1) = q(k+12 )
[n− 1
k
]
q
= (q
n − q)(qn − q2) · · · (qn − qk)
(q − 1)(q2 − 1) · · · (qk − 1) , (2)
and hence ζn(q)  χα(1), but ζn−1(q) | χα(1).
If α is a quasi-hook, then
χ(1,...,1,2,n−2−k)(1) = q
1+(k+22 )(qn − 1)(qn−k−3 − 1)∏k+1i=2 (qn−i − 1)
(q − 1)(qk+2 − 1)∏ki=1(qi − 1) , (3)
and hence ζn(q) | χα(1), but ζn−1(q)  χα(1). If α is neither a hook nor a quasi-hook, then both
ζn(q) and ζn−1(q) divide χα(1). In particular, this holds for νn(q) and νn−1(q), respectively.
The following proposition will be very useful in the proof of Theorem 1.1.
Proposition 3.2. Let α = (α1, α2, . . . , αm) be a partition of n and let χα be the unipotent char-
acter of PSL(n, q) associated with α. Then
(a) χα(1) = qη(α)Θ(α), where Θ(α) ∈ Q[q], the ring of the polynomials in q over Q, and
(Θ(α), q) = 1;
(b) η(α) =∑m−1i=1 iαm−i ;
(c) Θ(α) ∈ N0[q], where N0 denotes the set of non-negative integers;
(d) if β is the transposed of α, then Θ(α) = Θ(β);
(e) degq(χα) = 12 (n2 −
∑m
i=1 α2i ), where degq(χα) denotes the degree of χα(1) as a polynomial
in q .
Proof. (a) The statement follows directly from the degree formula (1).
(b) By the formula (1), we have
η(α) = (m− 1)λ1 + (m− 2)λ2 + · · · + 2λm−2 + λm−1 −
(
m
3
)
=
m−1∑
i=1
(m− i)λi −
(
m
3
)
=
m−1∑
i=1
(m− i)(αi + i − 1)−
(
m
3
)
=
m−1∑
i=1
(m− i)αi +
m−1∑
i=2
(m− 1)(i − 1)−
(
m
3
)
.
By induction,
m−1∑
(m− i)(i − 1) =
(
m
3
)
.i=2
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(c) and (d): Since in the An−1 case, the degree of a unipotent character χα coincides with its
fake degree (e.g., see [Car, Chapter 11]) both (c) and (d) readily follow.
(e) Using (1) one can check that
degq(χα) =
n(n+ 1)
2
+
m∑
i=2
(i − 1)λi −
(
m
3
)
−
m∑
i=1
λi(λi + 1)
2
.
In fact, it also turns out that
degq(χα) =
1
2
(
n2 −
m∑
i=1
α2i
)
. (4)
Indeed,
fm(α) =
m∑
i=2
(i − 1)λi −
(
m
3
)
−
m∑
i=1
λi(λi + 1)
2
.
We first show, by induction on m, that
fm(α) = −12
(
m∑
i=1
αi +
m∑
i=1
α2i
)
.
Suppose m = 1. Then
f1(α) = −α1(α1 + 1)2 = −
1
2
(
α1 + α21
)
.
Suppose m = 2. Then
f2(α) = α2 + 1 − α1(α1 + 1)+ (α2 + 1)(α2 + 2)2
= 2α2 + 2 − α
2
1 − α1 − α22 − 3α2 − 2
2
= − (α1 + α2)+ (α
2
1 + α22)
2
.
Suppose m = 3. Then
f3(α) = α2 + 1 + 2(α3 + 2)− 1 − α1(α1 + 1)+ (α2 + 1)(α2 + 2)2
− (α3 + 2)(α3 + 3)
2
= − (α1 + α2 + α3)+ (α
2
1 + α22 + α23) .2
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fm(α) = fm−1(α)+ (m− 1)λm − (m− 1)(m− 2)2 −
λm(λm + 1)
2
= −1
2
(
m−1∑
i=1
αi +
m−1∑
i=1
α2i
)
+ (m− 1)(αm +m− 1)
− m
2 − 3m+ 2
2
− (αm +m− 1)(αm +m)
2
= −1
2
(
m∑
i=1
αi +
m∑
i=1
α2i
)
.
Hence, since
∑m
i=1 αi = n,
degq(χα) =
n2 + n
2
− 1
2
(
m∑
i=1
αi +
m∑
i=1
α2i
)
= n
2 + n− n−∑mi=1 α2i
2
= 1
2
(
n2 −
m∑
i=1
α2i
)
. 
The first unipotent character we analyze is the Steinberg character of G, that is the character
St = χ(1,1,...,1). In fact, we shall prove that, for any simple finite group of Lie type K , the Stein-
berg character of K is minimally irreducible. We start by looking at the restriction of a unipotent
character to a proper parabolic subgroup.
Lemma 3.3. Let K be a finite simple group of Lie type of rank l and let U be a maximal unipotent
subgroup of K . Let 1K = χ be an irreducible character of K and suppose that (χ,1KU )K > 0.
Then, for any proper parabolic subgroup P of K , χ |P is reducible.
Proof. We may assume P = PJ = UJ  LJ , where UJ  U and LJ is the so-called Levi com-
plement, for some J ⊆ I = {1, . . . , l}. Suppose that χ |P ∈ Irr(P ). By assumption
0 <
(
χ,1KU
)
K
= (χ |U ,1U)U , by Frobenius reciprocity.
It follows that
(χ |UJ ,1UJ )UJ > 0.
Since UJ  PJ , by Clifford’s theorem UJ ⊆ Ker(χ), but UJ = {1}, otherwise PJ =
NK(UJ ) = K . This implies that χ is not faithful, a contradiction. 
Corollary 3.4. Let K be a finite simple group of Lie type and let 1K = χ ∈ Upr(K). Then χ |PJ is
reducible for every J = I .
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Hence, the statement follows from the Lemma 3.3, since(
χ,1KB
)
K
> 0 ⇒ (χ,1KU )K > 0. 
Corollary 3.5. Let K be a finite simple group of Lie type. Then the Steinberg character of K is
minimally irreducible.
Proof. Let pa = |K|p , where p is the characteristic of K , and suppose that St is not minimally
irreducible. Then there exists a maximal subgroup H of K such that St|H is irreducible. Hence
St(1) = pa | |H | and H contains a Sylow p-subgroup U of K , of order pa . Then, by a result
of Tits (e.g., see [Se1, 1.6]), H is a proper parabolic subgroup of K . By Corollary 3.4 we get a
contradiction, since the restriction χ |H is reducible. 
Another unipotent character of G that we may study at once, is the character associated to the
partition (1, n− 1).
Proposition 3.6. Let G = PSL(n, q), where n 3. Then the unipotent character of G associated
to the hook (1, n− 1) is minimally irreducible, unless (n, q) = (4,2).
Proof. Let χ = χ(1,n−1) be the unipotent character associated to the partition (1, n− 1). Then χ
is the unique unipotent character of G of degree q
n−q
q−1 . Let V = V (n, q) be the natural SL(n, q)-
module and let PG(n − 1, q) be the projective geometry associated to V . Let Ω be the set of
the points of PG(n − 1, q). It is well known that G acts 2-transitively on Ω . If χ is irreducible
on a proper subgroup H of SL(n, q), then H is 2-transitive on Ω , and so, by Cameron–Kantor
theorem [CK, Theorem I], (n, q) = (4,2) and H = A7. 
In view of the above, in the sequel we shall always assume that α is different from (1), (n)
and (1, n − 1). In order to study the other unipotent characters of G, we look at the restrictions
of these characters to maximal subgroups of G.
Following [KL], we subdivide the maximal subgroups of G into the class C =⋃Ci , where
the Ci ’s (i = 1, . . . ,8) are the so-called Aschbacher classes introduced in [Asc], and a certain
class S consisting of almost simple groups which are absolutely irreducible on V and do not
belong to ‘field extensions’ (see [KL] for a description of the subclasses Ci and the extra-class S).
We need to search the possible subgroups H of G such that χ |H is irreducible. We look first at
the subgroups in the class S , for n 7 (and q = 2 if n = 7).
The following holds:
Theorem 3.7. ([KL, Theorem 5.2.4], [LPS, 2.2.9]) Let H be a subgroup of G = PSL(n, q) be-
longing to S . Then either
(a) H ∼= Ac or Sc , where c = n+ 1 or n+ 2, or
(b) |H | < q2n+4, or
(c) soc(H) and G are as listed in Table 1.
Furthermore, in case (c) |H | < q3n.
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soc(H) G
PSL(d, q) PSL(d(d − 1)/2, q)
PΩ+(10, q) PSL(16, q)
E6(q) PSL(27, q)
M24 PSL(11,2)
Fig. 1. The plurirectangles associated to the partitions (2,10) and (4,8).
Proposition 3.8. Let n 7, H ∈ S and assume α = (n), (1, n − 1). If χα|H ∈ Irr(H), then H is
Ac or Sc , where c = n+ 1 or n+ 2.
Proof. For every partition α of n, by Proposition 3.2 the degree of the unipotent character χα is
a polynomial in q . More precisely:
χα(1) = qdegq (χα) + terms in q of smaller degree with positive coefficients,
where degq(χα) = 12 (n2 −
∑m
i=1 α2i ). Clearly degq(χα) is minimum when
∑
i α
2
i is maximum.
This sum is the area of a plurirectangle and this area is always smaller than the area of the
plurirectangle associated to α = (2, n − 2), see Fig. 1 (remember that α = (n), (1, n − 1) and
n 7).
Hence
degq(χα) degq(χ(2,n−2)) = 2n− 4,
and
χα(1)2  q2 degq (χα)  q4n−8.
If n = 7, 4n − 8  2n + 4 and the result follows from Theorem 3.7 (b) and (c). Next, suppose
n > 7. Then 4n− 8 3n. Again by Theorem 3.7 we obtain the desired result. 
We recall that l is called a large Zsigmondy prime for the pair (a, b) if l | ab −1, but l  ac −1,
for all i = 1, . . . , b−1 (i.e. l is a Zsigmondy prime for (a, b)) and either l > b+1 or l2 | (ab −1).
The following holds:
Theorem 3.9. (Cf. [F, Theorem A].) Assume a  2 and b  3. Then there exists a large Zsig-
mondy prime for the pair (a, b), except for the following cases:
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(ii) a = 3 and b = 4 or 6.
(iii) (a, b) = (5,6).
The above result allows us to prove the following proposition.
Proposition 3.10. Let n 7, and assume q  3 if n = 7. Suppose that there exists a (maximal)
subgroup H of G such that χα|H is irreducible. Then H ∈ C.
Proof. Suppose H ∈ S . By Proposition 3.8, we may assume that H is An+1, An+2, Sn+1
or Sn+2. Suppose that α is not a hook and χα|H is irreducible. Then νn(q) | (n + 2)!. Hence,
as νn(q) is a prime, Proposition 3.1 implies that
f n+ 1 νn(q) n+ 2.
It follows that n(f − 1)  1, which only holds if f = 1, i.e. q = p is a prime. In this case,
νn(p) equals either n+1 or n+2. However n | νn(p)−1, and hence νn(p) = n+1. It follows that
νn(p) is the unique Zsigmondy prime for the pair (p,n). Observe that νn(p)2 = (n+1)2  qn−1,
otherwise νn(p)2 | χα(1) and (n+1)2 | (n+2)!, but this cannot be since νn(p) = n+1 is a prime.
As n + 1 = νn(p) > n + 1 and νn(p)2 = (n + 1)2  qn − 1, by Theorem 3.9 the only possible
values for (q,n) are (2,10), (2,12) or (2,18). By direct computation, we see that in these cases
χα(1)  (n+ 2)!.
Now, suppose that α is a hook and χα|H is irreducible. Then νn−1(q) | (n + 2)!. Hence, as
before,
f (n− 1)+ 1 νn−1(q) n+ 2.
It follows that n(f − 1)  1 + f , which only holds if f = 1, i.e. q = p is a prime. In this
case, νn−1(p) = n, n + 1, or n + 2, but n − 1 | νn−1(p) − 1; hence νn−1(p) = n and n is the
unique Zsigmondy prime for the pair (p,n− 1). Since n = νn−1(p) is a prime, as above χα(1) |
(n+ 2)! forces νn−1(p)2  (pn−1 − 1). Then the pair (p,n− 1) does not have a large Zsigmondy
prime and hence, by Theorem 3.9, (p,n − 1) is an exceptional pair. It follows that (p,n) =
(2,11), (2,13), (2,19), (3,7), (5,7). Direct computation shows that, for all such values of p and
n, χα(1)  (n+ 2)!. We conclude H <G and χα|H irreducible forces H ∈ C. 
Next, we turn to the subgroups belonging to C =⋃ Ci . For n  5 (n  8 if q = 2) we get
from [LPS] Table 2.
Hence we must check the restriction of χα to the subgroups listed in Table 2. For the detailed
structure of these subgroups we refer to [KL].
By Corollary 3.4, we may always exclude the parabolic case (class C1). In order to deal with
the classes C3 and C8, we shall use the following lemma.
Lemma 3.11. Let K and H <K be finite groups of Lie type. Let B be a Borel subgroup of H . Let
χ ∈ Irr(K) and suppose that (χ,1KM)K > 0 for some M < K containing B . Then χ |H ∈ Irr(H)
implies χ |H ∈ Upr(H). In particular, if χ ∈ Upr(K), we may choose as M a parabolic subgroup
of K containing B and such that (χ,1K )K > 0 (if there is any).M
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νi (q) Maximal subgroups H ∈ C whose order is divisible by νi (q) Conditions
νn(q) C3: All subgroups
C6: All subgroups n = 2m and
νn(q) = n+ 1
C8: H neither of type U(n,q1/2) (n even)
nor of type O+(n, q)
nor of type O(n,q) (nq odd)
νn−1(q) C1: P1 or Pn−1
C2: H of type GL(1, q)  Sn νn−1(q) = n
C3: H of type GL(1, qn) νn−1(q) = n
C6: All subgroups νn−1(q) = n
C8: H of type U(n,q1/2) (n even)
or O(n,q) (nq odd)
Proof. By assumption, (χ,1KM)K = (χ |M,1M)M > 0. It follows that (χ |B,1B)B > 0, and hence
(χ |H ,1HB )H > 0. Thus χ |H ∈ Irr(H) implies χ |H ∈ Upr(H). 
Let H be a maximal subgroup of G belonging to C and suppose that χα|H is irreducible. It
follows from Table 2 (see also [GPPS]) that the only subgroups H we have to inspect are of the
following types.
(A) If α is neither a hook nor a quasi-hook:
1.a. GL(1, qn) in C3, where νn−1(q) = n.
(B) If α is a hook:
2.a. GL(1, q)  Sn in C2, where νn−1(q) = n;
2.b. GL(1, qn) in C3, where νn−1(q) = n;
2.c. r2m.Sp(2m,r) in C6, where n = rm, r is a prime different from p and νn−1(q) = n;
2.d. PSO(n, q) in C8, where qn is odd;
2.e. U(n,q1/2) in C8, where n is even and q is a square.
(C) If α is a quasi-hook:
3.a. GL(m,qr) in C3;
3.b. r2m.Sp(2m,r) in C6, where n = 2m and νn(q) = n+ 1;
3.c. Sp(n, q) in C8, where n is even;
3.d. PSO−(n, q) in C8, where n is even and q is odd;
3.e. U(n,q1/2) in C8, where n is odd and q is a square.
Cases 1.a, 2.a and 2.b. In these cases νn−1(q) = n and νn−1(q)2  |H | (see [LPS]). Hence
(arguing as in the proof of Proposition 3.10) we fall into one of the exceptional cases of The-
orem 3.9. Direct calculations show that, for the values of q and n described there, χα(1)  |H |.
Hence, these cases do not occur.
Case 2.c. In this case νn−1(q) = n and H ∼= R.SL(2, n), where R is an elementary abelian
group of order n2. By Ito’s theorem, χα(1) | |SL(2, n)|, and hence νn−1(q)2  qn−1 −1. Therefore,
we may apply Theorem 3.9. Direct computation shows that for all the exceptional pairs listed
there, χα(1)  |SL(2, n)|.
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PSU(n, q1/2).c with n even and q a square. Also, α = (1, . . . ,1, n − k) with 2  k  n − 2. If
k = n− 2 then νn−2(q) | χα(1), but νn−2(q)  |Hi |, since
|H1| = q(n−1)2/4
(
qn−1 − 1)(qn−3 − 1) · · · (q2 − 1)
and
|H2| = tn(n−1)/2
(
tn − 1)(tn−1 + 1) · · · (t3 + 1)(t2 − 1) · c,
where t2 = q and c = (t+1,n)
t+1 (t + 1, t
2−1
(t2−1,n) ) (note that, for any s, νs(q) = ν2s(t)). If α =
(1, . . . ,1,2), we have χα(1) = q(n−12 ) qn−1−1q−1 , but in this case q(
n−1
2 )  |Hi |.
Case 3.a. In this case α is a quasi-hook and
H ∼= Z (q−1,m)(qr−1)
(q−1)(q−1,n)
.PSL
(
m,qr
)
.Z (qr−1,m)
(q−1,m)
.Zr .
Thus
|H | = rq
rm(m−1)
2 (qrm − 1)(qr(m−1) − 1) · · · (q2r − 1)(qr − 1)
(q − 1)(q − 1, n) ,
where n = mr , r a prime. Let us denote by H0 the preimage of H in G0 = SL(n, q). Then H0 =
K.Zr , where K = GL(m,qr)∩ SL(n, q). Furthermore, K contains a subgroup G# isomorphic to
SL(m,qr) such that G# K and |K : G#| = qr−1q−1 (see [KL, Proposition 4.3.6]).
Suppose first that (q,n) = (2,8) or (2,9). A direct computation shows that no α is such that
χα(1) | |H | and χα(1)2 < |H |. Otherwise, both νn−2(q) and νn−3(q) are defined.
If k = 0, n− 4, then the term qn−2 − 1 occurs in Θ(α). So νn−2(q) | χα(1), and νn−2(q) | |H |
forces r = 2. If k = 1, n − 5, then the term qn−3 − 1 occurs in Θ(α). So νn−3(q) | χα(1), and
νn−3(q) | |H | forces r = 3. It follows that k = 0,1, n − 5, n − 4 implies both r = 2 and r = 3,
which is impossible. Suppose k = n − 4, so that r = 3. In this case η(α) = 1 + (n−22 ). Since
η(α) >
n(n−3)
6 + 1, we get χα(1)  |H |. If k = n− 5, then r = 2. In this case, η(α) = 1 +
(
n−3
2
)
>
n(n−2)
4 + 1 for all n 10, which forces χα(1)  |H |. Finally, if n = 8 we have χα(1)2 > |H |.
In view of the above, we are left to study the restriction of χ(1,2,n−3) to a subgroup H of
type GL(n/2, q2) and the restriction of χ(2,n−2) to a subgroup H of type GL(n/3, q3). As in
Section 2, let us denote by χ˜α the character of SL(n, q) obtained from χα by inflation. In order
to apply Lemma 3.11, we look for a parabolic subgroup P of G0 containing a Borel subgroup
B# of G# and such that (χ˜α,1G0P )G0 > 0. If α = (1,2, n − 3), that is G# = SL(n/2, q2), we may
choose P = PJ , where
J = {1,3,5, . . . , n− 1};
whereas if α = (2, n− 2), that is G# = SL(n/3, q3), we may choose P = PJ , where
J = {1,2} ∪ {4,5} ∪ · · · ∪ {n− 2, n− 1}.
(see Section 2, Examples 1 and 2).
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ψ0 ∈ Irr(K), or χ˜ |K =∑ri=1 ψi , where ψi ∈ Irr(K) and ψi(1) = χα(1)r for each i  1. Again by
Clifford’s theorem,
ψi |G# = ai
mi∑
j=1
ξ
(i)
j ,
where ξ (i)j ∈ Irr(G#) for all i = 0, . . . , r and j = 1, . . . ,mi . If r = 2 or 3, as seen above there
exists a parabolic subgroup P of G0 containing B# such that (χ˜α|P ,1P )P > 0. Thus
(χ˜α|B# ,1B#)B# =
(
χ˜α|G# ,1G#B#
)
G#
> 0.
Now χ˜α|G# = (χ˜α|K)|G# . Hence, if χ˜ |K = ψ0, then
0 <
(
χ˜α|G#,1G#B#
)
G#
= ((χ˜α|K)|G# ,1G#B# )G#
= (ψ0|G# ,1G#B# )G# = a0 m0∑
j=1
(
ξ
(0)
j ,1
G#
B#
)
G#
.
It follows that there exists j ′ such that ξ (0)
j ′ ∈ U(G#). If χ˜ |K =
∑
ψi , then
0 <
(
χ˜α|G# ,1G#B#
)
G#
= ((χ˜α|K)|G# ,1G#B# )G#
=
r∑
i=1
(
ψi |G# ,1G#B#
)
G#
=
r∑
i=1
ai
mi∑
j=1
(
ξ
(i)
j ,1
G#
B#
)
G#
.
Therefore, there exists i′ and j ′ such that ξ (i
′)
j ′ ∈ U(G#). Hence we are reduced to investigate
the degrees of the unipotent characters of the group SL(m,qr) for the relevant values of m and r .
Now, for every i, ai | |K : G#| = qr−1q−1 and mi = |K : IK(ψi)|, where IK(ψi) is the inertia
subgroup of ψi . Thus mi = (qr−1)/(q−1)|IK(ψi):G#| , and hence mi |
qr−1
q−1 . We conclude that for all i and j
|ψi(1)|q = |ξ (i)j (1)|q , and for all s > r , νs(q) | ψi(1) if and only if νs(q) | ξ (i)j (1).
Recall that, by Proposition 3.2, |ξ (i′)
j ′ (1)|q = qη(β), where β = (β1, . . . , βt ) is a partition of
n/r and
η(β) =
t−1∑
i=1
iβt−i .
Suppose that α = (2, n− 2) and G# = SL(n/3, q3), so that
χ(2,n−2)(1) = q2 (q
n − 1)(qn−3 − 1)
2 .(q − 1)(q − 1)
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′)
j ′ (1)|3 = (33f )t = 32f−1, i.e. 3f t =
2f − 1, which has no solutions for f ∈ N and t ∈ N0. If either p = 3 or i = 0, we have q2 =
|χ(2,n−2)(1)|q = |ξ (i
′)
j ′ (1)|q = (q3)t . But the equation 2 = 3t has no solutions for t ∈ N0. We
conclude that χ(2,n−2)|H is reducible.
Next, let α = (1,2, n− 3) and G# = SL(n/2, q2), so that
χ(1,2,n−3)(1) = q4 (q
n − 1)(qn−2 − 1)(qn−4 − 1)
(q − 1)2(q3 − 1) .
If q = 2f and i = 1,2, then |ψi(1)|2 = |χ(1,2,n−3)(1)|22 = 24f−1 = |ξ(1)|2 = (2f )t . However, the
equation f (4 − 2t) = 1 has no solutions for f ∈ N and t ∈ N0. If either p = 2 or i = 0, then∣∣ξ (i′)
j ′ (1)
∣∣
q
= ∣∣ψi(1)∣∣q = ∣∣χ(1,2,n−3)(1)∣∣q = q4.
Here we have to search for a unipotent character ξ of SL(n/2, q2) such that |ξ(1)|q = q4, that
is for a partition β of n/2 such that η(β) = 2. One can check that there is a unique possible
β satisfying these conditions, that is β = (2, n/2 − 2), so that the corresponding character has
degree
ξ(2,n/2−2)(1) = q4 (q
n − 1)(qn−6 − 1)
(q2 − 1)(q4 − 1) .
Now νn−2(q) divides χ(1,2,n−3)(1), but not ξ(2,n/2−2)(1). Hence, χ(1,2,n−3)|H is reducible.
Case 3.b. We have n = 2m, νn(q) = n + 1 and νn(q)2  |H | (cf. [LPS, p. 39]). Hence we are in
one of the exceptional cases of Theorem 3.9. However, in these cases n 7 never equals 2m.
Case 3.c. In this case H is isomorphic either to PSp(n, q) or to PGSp(n, q). We show that,
if χα is any non-trivial unipotent character of G, then χα|H is reducible. Let G0 = SL(n, q),
H0 = Sp(n, q) and let χ˜α denote the non-trivial unipotent character of G0 obtained from χα by
inflation. Recall that the set of unipotent characters depends only on the type of a group (see
Section 2). In particular, the sets of unipotent characters of the groups Sp(2m,q), PSp(2m,q)
and PGSp(2m,q) are essentially the same.
As above, let V = V (n, q) be the natural SL(n, q)-module. Without loss of generality, we may
choose an ordered basis B = (e1, e2, . . . , em,fm,fm−1, . . . , f1) of V , such that the symplectic
form preserved by H0 has Gram matrix
J =
( 0 X
−X 0
)
,
where X is the matrix antidiag (1, . . . ,1) of size m.
Then the stabilizer of the flag {〈e1, . . . , ei〉 | i = 1, . . . ,m} is a Borel subgroup, say B ′,
of Sp(n, q) (e.g., cf. [K, 1.C]). Suppose that M ∈ Sp(n, q) and
M =
(
A B
C D
)
.
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iff MtJM = J . This occurs if and only if AtXD = X and DtXB = BtXD. Therefore D =
X(A−1)tX is upper triangular. It follows that the standard Borel subgroup of SL(n, q) con-
tains B ′. Thus, by Lemma 3.11, χ˜α|H0 irreducible forces χ˜α|H0 ∈ Upr(H0). So, for our purposes
it suffices to show that the restriction χ˜α|H0 is reducible.
Let ρ be the automorphism of G0 defined as follows: ρ(S) = J−1(S−1)tJ for all S ∈ G0.
Observe that ρ has order 2 and CG0(ρ) = H0. Indeed,
S ∈ H0 iff StJS = J iff J−1StJ = S−1 iff J−1
(
S−1
)t
J = S iff ρ(S) = S.
Set Ĝ = G0.〈ρ〉. By [M, Satz 1.5], the complex representation X of G0 associated to χ˜α can
be extended in exactly two ways to an irreducible representation X̂ of Ĝ such that X̂|G0 = X.
Now suppose that X̂(H0) = X(H0) is irreducible. Then by Schur’s lemma X̂(ρ) is scalar, that is
X̂(ρ) = ±Id. Hence, for all g ∈ G0 we have
X̂(ρgρ) = X̂(g) = X(g).
This implies
X
(
ρgg−1
)= Id,
that is ρ(g)g−1 ∈ Ker(χ˜α) ⊆ Z(G0) for all g ∈ G0. However, it is easily checked that this is false
(e.g., take for g the unipotent Jordan block of size n).
We conclude that χ˜α|H0 , and hence also χα|H , is reducible.
Case 3.d. In this case H = PSO−(2m,q).2, where q is odd. In order to prove that, for any
non-trivial unipotent character χα of G, χα|H is reducible, we proceed as in case 3.c. Let G0 =
SL(2m,q), H0 = K0.2, where K0 = SO−(2m,q), and let χ˜α denote the unipotent character of G0
obtained from χα by inflation. It is easy to see that χα(1)  |H | for α = (1,2, n− 3). So, we may
assume that α = (1,2, n− 3).
Let V = V (2m,q) be the natural module for SO−(2m,q). Without loss of generality, we may
choose an ordered basis
B = {e1, e2, . . . , em−1, x, y, fm−1, . . . , f1}
such that the orthogonal form preserved by K0 has Gram matrix
J =
⎛⎜⎝ 0 0 X0 Y 0
X 0 0
⎞⎟⎠ ,
where X is the matrix antidiag (1, . . . ,1) of size m and
Y =
(
1 0
)
,0 −ξ
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subgroup, say B ′, of SO−(2m,q) (e.g., see [K, 1.E]). Suppose that M ∈ SO−(2m,q) and
M =
⎛⎜⎝ A B CD E F
G K L
⎞⎟⎠ .
If M ∈ B ′, then D and G are both zero, and A ∈ GL(m − 1, q) is upper triangular. As
MtJM = J and det(M) = 1, it follows that K = 0 and L is upper triangular. Therefore there
exists a parabolic subgroup P of SL(2m,q) which contains B ′. For P , we may choose P{m}.
Moreover (see Section 2, Example 3) (χ˜α,1GP ) > 0, and hence we may apply Lemma 3.11. So,
we only need to show that χ˜α|H0 is reducible.
To this purpose, it suffices to consider the same automorphism ρ as in case 3.c: namely,
ρ(S) = J−1(S−1)tJ for all S ∈ G0. Then H0 = CG0(ρ). Arguing as above, we obtain that χ˜α|H0 ,
and hence also χα|H , is reducible.
Case 3.e. In this case H = PSU(n, t).c, where n is odd, q = t2 and c = (t+1,n)
t+1 (t + 1, t
2−1
(t2−1,n) ).
Since
|H | = tn(n−1)/2(tn + 1)(tn−1 − 1) · · · (t3 + 1)(t2 − 1) · c,
we get νn(q) = ν2n(t), νn(t) | χα(1), but νn(t)  |H |.
In conclusion, we have shown that all the non-trivial unipotent characters χα of G are mini-
mally irreducible provided n 8 (n 7 if q = 2).
4. The low-dimensional cases
In this section we examine the low-dimensional groups that did not fit into the uniform analy-
sis of the ‘generic’ case. The following lemma turns out to be useful for computational purposes:
Lemma 4.1. Let K be a finite group, χ ∈ Irr(K) and H  K , such that 1KH = 1K +
∑
i aiφi ,
where 1K = φi ∈ Irr(K). Then χ |H ∈ Irr(H) if and only if (χ,χ · φi)K = 0, ∀i.
Proof. Observe that (χ |H )K = χ · 1KH . Thus
(χ |H ,χ |H )H =
(
χ, (χ |H )K
)
K
= (χ,χ · 1KH )K
= (χ,χ)K +
∑
i
ai(χ,χ · φi)K
= 1 +
∑
i
ai(χ,χ · φi)K.
The statement follows. 
414 M.A. Pellegrini / Journal of Algebra 304 (2006) 397–418Table 3
α (1,3) (2,2) (1,1,2) (1,1,1,1)
χα(1) q(q2 + q + 1) q2(q2 + 1) q3(q2 + q + 1) q6
4.1. G = PSL(2, q)
The only non-trivial unipotent character of PSL(2, q) is the Steinberg character. St is min-
imally irreducible by Corollary 3.5 if q > 3. It is immediate to check that this also holds for
q  3.
4.2. G = PSL(3, q)
The non-trivial unipotent characters of PSL(3, q) are St = χ(1,1,1) and χ(1,2). These characters
are minimally irreducible by Corollary 3.5 and Proposition 3.6, respectively.
4.3. G = PSL(4, q)
The degrees of the non-trivial unipotent characters of G are as shown in Table 3.
By Corollary 3.5 and Proposition 3.6, we are reduced to study the unipotent characters asso-
ciated to the partitions (2,2) and (1,1,2).
If G = PSL(4,2) or PSL(4,3), a list of the maximal subgroups is found in [Atl]. Use of
Lemma 4.1 shows that χ(2,2) and χ(1,1,2) are both minimally irreducible. We therefore obtain that
all the non-trivial unipotent characters of G are minimally irreducible, with the only exception
of G = PSL(4,2) and α = (1,3) (see Proposition 3.6).
Next, suppose that q  4. Let H be a maximal subgroup of G and suppose that H ∈ C. By
Corollary 3.4, we may assume that H is not in the class C1. Thus, according to [Kle], G falls into
one of the following subclasses and has one of the following structures:
C2: Either H ∼= [ (q−1)(q−1,2)(q−1,4) ].PSL(2, q)2.[(q − 1,2)].S2 or H ∼= [ (q−1)
3
(q−1,4) ].S4. As neither ζ3(q)
nor ζ4(q) divide |H |, χα|H is reducible (note that ζ4(q) and ζ3(q) are both  5).
C3: H ∼= Z (q+1)(q−1,2)
(q−1,4)
.PSL(2, q2).Z2. As ζ3(q)  |H |, χ(1,1,2)|H is reducible. χ(2,2)|H is also re-
ducible, because χ(2,2)(1)2 > |H |.
C5: H ∼= PSL(4, q0).[ (q−1)(q0−1,4)
(q−1,4)[q0−1, q−1(q−1,4) ]
], where q = qr0 and r is a prime. As neither ζ3(q) nor
ζ4(q) divide |H |, χα|H is reducible.
C6: Either (i) H ∼= 24.S6, or (ii) H ∼= 24.A6. In both cases χα(1)2 > |H | for q  4.
C8: Here we have four possibilities.
(i) H is either PSp(4, q) or PGSp(4, q) and
|H | =
∣∣∣∣PSp(4, q). (q − 1,2)2(q − 1,4)
∣∣∣∣.
As ζ3(q)  |H |, χ(1,1,2)|H is reducible. By Lemma 3.11 (cf. case 3.c above), χ(2,2)|H
irreducible implies χ(2,2) ∈ Upr(H), where H is either PSp(4, q) or PGSp(4, q). How-
ever, no unipotent character of H has degree χ(2,2)(1).
(ii) H ∼= PSO+(4, q).2. As neither ζ3(q) nor ζ4(q) divide |H |, χα|H is reducible.
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α (1,4) (2,3) (1,1,3)
χα(1) q(q2 + 1)(q + 1) q2 q
5−1
q−1 q3(q2 + 1)(q2 + q + 1)
α (1,2,2) (1,1,1,2) (1,1,1,1,1)
χα(1) q4 q
5−1
q−1 q6(q2 + 1)(q + 1) q10
(iii) H ∼= PSO−(4, q).2. As ζ3(q)  |H |, χ(1,1,2)|H is reducible. As χ(2,2)(1)2 > |H |,
χ(2,2)|H is also reducible.
(iv) H ∼= PSU(4, q1/2).(q − 1,2). As neither ζ4(q) nor ζ3(q1/2) divide |H |, χ(2,2)|H is
reducible.
Now, suppose that H ∈ S . In this case S  H  Aut(S), where S = soc(H) and S ∈ {A7,
PSL(2,7),PSU(4,2)}. As χα(1)2 > |H |, χα|H is reducible.
4.4. G = PSL(5, q)
The degrees of the non-trivial unipotent characters of G are as shown in Table 4.
For G = PSL(5,2) a list of the maximal subgroups of G and their permutation characters can
be found in [Atl]. Use of Lemma 4.1 shows the all the characters above are minimally irreducible.
Next, suppose that q  3. By Corollary 3.5 and Proposition 3.6 we may assume α = (1,4),
(1,1,1,1,1). Let H be a maximal subgroup of G and suppose H ∈ C. As above, we may as-
sume H /∈ C1. Thus, by [Kle], H falls into one of the following subclasses.
C2: H ∼= [ (q−1)4(q−1,5) ].S5. As neither ζ5(q) nor q3 divide |H |, χα|H is reducible.
C3: H ∼= Z q5−1
(q−1)(q−1,5)
.Z5. As q2  |H |, χα|H is reducible.
C5: H ∼= PSL(5, q0).((q − 1,5), r), where q = qr0 and r is a prime. As neither ζ5(q) nor ζ4(q)
divide |H |, χα|H is reducible.
C6: H ∼= 52.SL(2,5). In this case χα(1)2 > |H |.
C8: Here we have two possibilities.
(i) H ∼= SO(5, q), where q is odd. As neither ζ5(q) nor ζ3(q) nor q6 divide |H |, χα|H is
reducible.
(ii) H ∼= PSU(5, q1/2). As neither ζ4(q) nor ζ5(q1/2) divide |H |, χα|H is reducible.
Next, suppose that H ∈ S . Then S  H  Aut(S), where S = soc(H) and S ∈ {PSp(4,3),
PSL(2,11),M11}. As χα(1)2 > |H |, χα|H is reducible.
4.5. G = PSL(6,2)
The degrees of the non-trivial unipotent characters of G are as shown in Table 5.
By Corollary 3.5 and Proposition 3.6, we may assume α = (1,5), (1,1,1,1,1,1). Moreover,
in this case the class S is empty. Arguing as in the previous cases, we are reduced to inspect the
subgroups listed in Table 6.
For every α, one checks that χα|H is reducible.
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α (1,5) (2,4) (1,1,4) (3,3) (1,2,3)
χα(1) 62 588 1240 744 6480
α (1,1,1,3) (2,2,2) (1,1,2,2) (1,1,1,1,2) (1,1,1,1,1,1)
χα(1) 9920 5952 18816 31744 32768
Table 6
Class H
C2 SL3(2)2.S2
C3 Z3.PSL(3,4).Z3.Z2
C3 Z7.PSL(2,8).Z3
C8 Sp(6,2)
4.6. G = PSL(6, q), q  3
The degrees of the non-trivial unipotent characters of G are as shown in Table 7.
As in the previous cases, we may assume α = (1,5), (1,1,1,1,1,1). Let H be a maximal
subgroup of G and suppose H ∈ C. As above, we may assume H /∈ C1. According to [LPS,Kle],
the only subgroups H of G to be inspected fall into one of the following subclasses:
C2: H ∼= [ (q−1)5(q−1,6) ].S6. As neither ν6(q) nor q3 divide |H |, χα|H is reducible.C3: Here we have two possibilities.
(i) H ∼= Z (q3−1)(q−1,2)
(q−1)(q−1,6)
.PSL(2, q3).Z3. Observe that neither ν5(q) nor ν4(q) nor q5 di-
vide |H |. It follows that χα|H is reducible for every α = (2,4). As χ(2,4)(1)2 > |H |,
χ(2,4)|H is also reducible.
Table 7
α (1,5) (2,4) (1,1,4)
χα(1) q q
5−1
q−1 q2
(q6−1)(q3−1)
(q−1)(q2−1) q
3(q2 + 1) q5−1
q−1
α (3,3) (1,2,3) (1,1,1,3)
χα(1) q3(q3 + 1) q
5−1
q2−1 q
4(q3 + 1)(q2 + 1)(q + 1)2 q6(q2 + 1) q5−1
q−1
α (2,2,2) (1,1,2,2) (1,1,1,1,2)
χα(1) q6(q3 + 1) q
5−1
q2−1 q
7 (q6−1)(q3−1)
(q−1)(q2−1) q
10 q5−1
q−1
α (1,1,1,1,1,1)
χα(1) q15
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α (1,6) (2,5) (1,1,5) (3,4) (1,2,4)
χα(1) 126 2540 5208 9144 62992
α (1,1,1,4) (1,3,3) (2,2,3) (1,1,2,3) (1,1,1,1,3)
χα(1) 89280 85344 170688 503936 666624
α (1,2,2,2) (1,1,1,2,2) (1,1,1,1,1,2) (1,1,1,1,1,1,1)
χα(1) 585216 1300480 2064384 2097152
(ii) H ∼= Z (q+1)(q−1,3)
(q−1,6)
.PSL(3, q2).Z (q2−1,3)
(q−1,3)
.Z2. As neither ν5(q) nor q7 divide |H |, χα|H is
reducible for every α = (2,4), (1,2,3). As χα(1)2 > |H | for α = (2,4) or (1,2,3),
χ(2,4)|H and χ(1,2,3)|H are also reducible.
C8: Here we have three possibilities.
(i) H ∼= PSp(6, q). As ν5(q) does not divide |H |, χα|H is reducible for every α = (2,4),
(1,2,3), (1,1,2,2). If q = 4, direct computation shows that χ(2,4)(1)  |H |. If q = 4,
ν3(q) exists but it does not divide |H |q6−1 . So χ(2,4)(1)  |H | and hence χ(2,4)|H is re-
ducible. Finally, χα(1)2 > |H | for α = (1,2,3) or (1,1,2,2). It follows that χ(1,2,3)|H
and χ(1,1,2,2)|H are also reducible.
(ii) H ∼= PSO−(6, q).2. As ν5(q) does not divide |H |, χα|H is reducible for every α =
(2,4), (1,2,3), (1,1,2,2). In all the other cases, χα(1)2 > |H |.
(iii) H ∼= PSU(6, q1/2).(q1/2 + 1,2). As neither ν6(q) nor ν5(q1/2) divide |H |, χα|H is
reducible.
Finally, suppose that H ∈ S . Then S  H  Aut(S), where S = soc(H) and S ∈ {A6,A7,
PSL(2,11),PSU(4,3),PSL(3, q),M12,PSL(3,4)}. Assume S = PSL(3, q). Then neither ν5(q)
nor ν6(q) divide |H |; hence χα|H is reducible. If S = PSL(3, q), then χα(1)2 > |H |, and again
χα|H is reducible.
4.7. G = PSL(7,2)
The degrees of the non-trivial unipotent characters of G are as shown in Table 8.
By Corollary 3.5 and Proposition 3.6, we may assume α = (1,6), (1, . . . ,1). Moreover, the
class S is empty. Arguing as in the previous cases, we are reduced to inspect only the case where
H is isomorphic to Z127.Z7 in C3. As χα(1)2 > |H |, χα is reducible.
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